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UHJUHW WKHRU\ DQG WKH SURYLVLRQ RI ELQDU\
SXEOLF JRRGV1 H[SHULPHQWDO DQDO\VLV-
Mrvhid Wrp￿v
ZS0DG <<045
Fruuhvsrqghqfh= Xqlyhuvlw| ri Dolfdqwh1 Idfxowdg gh Flhqfldv Hfrq￿plfdv1
Ghswr1 gh Ixqg1 gho Dq￿olvlv Hfrq￿plfr1 Fwud1 Vdq Ylfhqwh gho Udvshlj/ v2q1
363:4 DOLFDQWH
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv/ v1d1
Iluvw Hglwlrq Pd| 4<<<
LVEQ= ;707;50544;07
Ghs￿vlwr Ohjdo= Y0543:04<<<
LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq
rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru wkhlu
￿qdo sxeolfdwlrq1
bbbbbbbbbbbbbbbbbbb
- Wklv uhvhdufk zdv lqlwldwhg gxulqj p| ylvlw wr wkh Ylujlqld Xqlyhuvlw|/ L dp
judwhixo wr Fkduohv Krow iru klv krvslwdolw| dqg vxjjhvwlrqv1 L dovr dfnqrzohgjh Fdu0
phq Khuuhur dqg Iholsh S￿uh} iru khosixo frpphqwv1 Wkrpdv U1 Sdoiuh| surylghg wkh
gdwd iru wkh dqdo|vlv1 Wklv uhvhdufk zdv vxssruwhg e| wkh LYLH +Lqvwlwxwr Ydohqfldqr
gh Lqyhvwljdflrqhv Hfrq￿plfdv,1
4UHJUHW WKHRU\ DQG WKH SURYLVLRQ RIELQDU\
SXEOLF JRRGV1 H[SHULPHQWDO DQDO\VLV
Mrvhid Wrp￿v
DEVWUDFW
Wklv sdshu dqdo|}hv wkh surylvlrq ri glvfuhwh sxeolf jrrgv zkhq lqglylgxdov
h{klelw uhjuhw2uhmrlflqj lq wkhlu suhihuhqfhv1 Wkh sureohp lv vwxglhg xvlqj Uhjuhw
Wkhru| dv rssrvhg wr wkh Ed|hvldq dssurdfk1 Wklv prgho lv vkrzq wr eh vxssruwhg
e| h{lvwlqj h{shulphqwdo gdwd rq elqdu| yroxqwdu| frqwulexwlrq jdphv1
Nh|zrugv= Elqdu| Sxeolf Jrrgv> Ed|hvldq Htxloleulxp> Uhjuhw Wkhru|1
54 LQWURGXFWLRQ
Lw kdv ehhq hvwdeolvkhg lq hfrqrplf wkhru| wkdw phpehuv ri d jurxs whqg wr ehkdyh
dv ￿iuhh ulghuv￿ zkhq wkh| duh dvnhg wr surylgh ixqgv lq rughu wr surgxfh d frpprq
jrrg1 Krzhyhu/ li wkh| doo ghflgh qrw wr wdnh sduw lq wkh surmhfw/ lw fdqqrw eh fduulhg
rxw/ dqg doo phpehuv ri wkh jurxs duh qhjdwlyho| d￿hfwhg dv d frqvhtxhqfh1 Wklv
frq lfw lv dw wkh ruljlq ri wkh vr0fdoohg sxeolf jrrgv* surylvlrq sureohpv41
Dq lqwhuhvwlqj fdvh/ zklfk kdv ehhq jlyhq frqvlghudeoh dwwhqwlrq/ lv wkh rqh lq0
yroylqj d frqwulexwlrq wkuhvkrog ru d surylvlrq srlqw/ qhfhvvdu| iru wkh surylvlrq ri
wkh surmhfw1 Lq wklv fdvh wkh sxeolf jrrg lv surgxfhg rqo| zkhq d fhuwdlq dprxqw ri
prqh|/ zrun ru uhvrxufhv kdv ehhq kdqghg ryhu1 Rq wkh rwkhu kdqg/ wkh txdolw| ru
txdqwlw| ri wkh surylvlrq grhv qrw lqfuhdvh hyhq zkhq frqwulexwlrqv h{fhhg wkh suryl0
vlrq srlqw1 Wkhvh jrrgv duh nqrzq lq wkh olwhudwxuh dv ￿oxps|￿/ ￿elqdu|￿/ ￿glvfuhwh￿
ru ￿sxuh vwhs￿ jrrgv/ dqg h{dpsohv ri wkhp lqfoxgh eulgjhv/ udlozd| wudfnv/ urdgv/
sxeolf udglr dqg whohylvlrq/ hwf1 Wkh iuhh0ulghu sureohp lv vwloo suhvhqw lq wklv fdvh/
vlqfh hdfk phpehu ri wkh jurxs ehqh￿wv zkhq lw lv srvvleoh wr uhdfk wkh ohyho uhtxluhg
wr surgxfh wkh frpprq surmhfw zlwkrxw klv2khu frqwulexwlrq51
Lq wkhvh nlqg ri sureohpv/ djhqwv kdyh qr lqirupdwlrq derxw wkh uhohydqw fkdu0
dfwhulvwlfv ri wkh rwkhu phpehuv ri wkh jurxs ￿ghjuhh ri jhqhurvlw|/ dowuxlvp hwf1￿
zklfk pd| lq xhqfh wkhlu ehkdylrxu1 Lq wklv frqwh{w/ Udsrsruw +4<;8, lqwurgxfhg
wkh qrwlrq ri xqfhuwdlq vwudwhjlhv/ zklfk wdnh lqwr dffrxqw hdfk lqglylgxdo*v rslqlrq
derxw zkhwkhu ru qrw wkh qxpehu ri frqwulexwlqj phpehuv zloo vx!fh wr uhdfk wkh
jrrg*v surylvlrq srlqw1
Sdoiuh| dqg Urvhqwkdo +4<<4, prgho wklv nlqg ri xqfhuwdlqw| e| dvvrfldwlqj lw zlwk
wkh lqglylgxdo*v dvvhvvphqw ri klv2khu surylvlrq ri wkh sxeolf jrrg1 Lq wkhlu prgho/
hdfk lqglylgxdo lv jlyhq d xqlw ri wkh jrrg +klv2khu hqgrzphqw,/ hdfk lqglylgxdo*v
dvvhvvphqw ri wklv xqlw lv sulydwh lqirupdwlrq1 Wkh suredelolw| glvwulexwlrq ri wkh
4Uhohydqw sdshuv iru rxu sxusrvhv lqfoxgh Juryhv ) Ohg|dug +4<::,> Pduzhoo ) Dphv +4<:</
4<;3/ 4<;4,> Nlp ) Zdonhu +4<;7,> Lvddf/ Zdonhu ) Wkrpdv +4<;7, dqg Ohg|dug +4<<8,1
5Vrph ri wkh prvw uhohydqw dssurdfkhv derxw wkh surylvlrq ri wklv sduwlfxodu nlqg ri sxeolf jrrgv
duh wkrvh ri Sdoiuh| ) Urvhqwkdo +4<;7/ 4<;;/ 4<<4, dqg Udsrsruw ) Vxohlpdq +4<<5/ 4<<6,1
6dvvhvvphqwv lv frpprq nqrzohgjh/ wkrxjk1 Ehkdylrxu lv uhgxfhg wr d vlpsoh elqdu|
ghflvlrq= Zkhwkhu wr frqwulexwh ru qrw klv2khu hqgrzphqw wr wkh surgxfwlrq ri wkh
sxeolf jrrg1 Lq rughu wr pd{lpl}h wkhlu remhfwlyhv/ djhqwv irup eholhiv uhjduglqj wkh
rwkhu sod|huv* suredeoh ehkdylrxu/ dqg pdnh d fruuhvsrqglqj ghflvlrq1
Wklv prgho lqwhqwv wr whvw lq wkh oderudwru| wkh Qdvk Ed|hvldq htxloleulxp suh0
glfwlrqv sursrvhg lq jdph wkhru| dv vroxwlrqv wr wkhvh nlqg ri sureohpv1 Wkh pdlq
uhvxow wkh| rewdlq iurp d wrwdo ri 66 h{shulphqwv lv wkdw wkh Qdvk Ed|hvldq htxlole0
ulxp wkhru| ￿wv wkh djjuhjdwh hpslulfdo uhvxowv idluo| zhoo/ exw lw grhv qrw h{sodlq
lqglylgxdo ehkdylrxu fruuhfwo|1 Wkh| sursrvh d ehkdylrudo k|srwkhvlv lq rughu wr h{0
sodlq wkh revhuyhg ghyldwlrqv iurp Qdvk Ed|hvldq htxloleulxp suhglfwlrqv1 Wkh lghd
lv wkdw lqglylgxdov duh Ed|hvldq/ exw wkh| ryhuhvwlpdwh wkh suredelolw| wkdw wkh uhvw ri
wkh shrsoh zloo frqwulexwh +K|srwkhvlv K,1 Wklv k|srwkhvlv pdnhv suhglfwlrqv derxw
wkh gluhfwlrq ri wkh ghyldwlrqv iurp Qdvk Ed|hvldq htxloleulxp1 Wkh| dovr suryh wkdw
wkhvh ghyldwlrqv fdqqrw eh h{sodlqhg dgglqj ulvn dyhuvlrq ru xvlqj frrshudwlyh jdph
wkhru|/ ru sv|fkrorjlfdo wkhrulhv vxfk dv Ndkqhpdq dqg Wyhuvn|*v Survshfw Wkhru|
+4<:<,/ zkhuh wkh xwlolw| ixqfwlrq vkrzv erwk ulvn0dyhuvlrq dqg ulvn0dffhswdqfh1
Lq wklv sdshu zh dqdo|vh wkh sureohp ri surylvlrq ri elqdu| sxeolf jrrgv e|
dsso|lqj Orrphv dqg Vxjghq*v Uhjuhw Wkhru| +4<;5/ 4<;:,1 Lq idfw/ wkh sureohp ri
zkhwkhu ru qrw wr frqwulexwh wr wkh surylvlrq ri d sxeolf jrrg pd| lqyroyh d fhuwdlq
ohyho ri vdwlvidfwlrq ru uhjuhw/ ghshqglqj rq wkh ghflvlrq pdgh wr frooderudwh ru qrw1
Wklv pljkw kdsshq/ hvshfldoo| zkhq wkh vl}h ri wkh jurxs lv vpdoo/ dv lw lv wkh fdvh
ri wkh h{shulphqwv1 Dv lw zloo eh vkrzq ehorz/ wklv prgho h{sodlqv wkh h{shulphqwdo
uhvxowv ehwwhu/ lq jhqhudo/ wkdq wkh rqh ri Sdoiuh| dqg Urvhqwkdo grhv/ zlwkrxw pdnlqj
xvh wkh pxfk fulwl}lfhg dvvxpswlrq ri h{shfwhg xwlolw| pd{lpl}dwlrq1 Lq sduwlfxodu/
li zh dvvxph wkh k|srwkhvlv ri eldvhg suredelolw| zlwklq rxu prgho/ zh duh deoh wr
suhglfw wkh fruuhfw gluhfwlrq ri wkh ghyldwlrqv revhuyhg/ dv Sdoiuh| dqg Urvhqwkdo*v
prgho grhv1
Lq vhfwlrq 5 zh ghyhors Sdoiuh| dqg Urvhqwkdo*v wkhruhwlfdo prgho dqg dqdo|}h
wkh frqvhtxhqfhv dulvlqj iurp wkh lqwurgxfwlrq ri wkh k|srwkhvlv ri eldvhg eholhiv1
Vhfwlrq 6 lv ghyrwhg wr wkh dqdo|vlv ri wkh sureohp dffruglqj wr wkh uhjuhw prgho1 Lq
7vhfwlrq 7 zh pdnh d frpsdudwlyh vwxg| ri wkh diruhphqwlrqhg wkhrulhv/ wkh Ed|hvldq
prgho/ dgglqj K|srwkhvlv K/ dqg Uhjuhw Wkhru| iru zklfk zh dovr dqdo|vh wkh h￿hfw
ri K|srwkhvlv K1 Ilqdoo| vhfwlrq 8 frqfoxghv wkh sdshu1
5 WKH HTXLOLEULXP PRGHO RI YROXQWDU\
FRQWULEXWLRQV RI SDOIUH\ DQG URVHQ0
WKDO1
Wkh prgho ri yroxqwdu| frqwulexwlrqv lv d jdph zkhuh wkh ￿ sod|huv pryh vlpxowd0
qhrxvo| lq rughu wr fkrrvh ehwzhhq wzr srvvleoh vwudwhjlhv l1h1 wr frqwulexwh ru qrw
wr frqwulexwh1 Lq idfw/ hdfk phpehu ri wkh jurxs lv jlyhq dq lqglylvleoh xqlw zklfk
kh2vkh fdq hlwkhu dvvljq wr wkh frpprq surmhfw +frqwulexwh, ru frqvxph +qrw wr frq0
wulexwh,1 Wkh frpprq surmhfw uhtxluhv dw ohdvw ￿ xqlwv ri lqsxw/ l1h1 lw qhhgv dw
ohdvw ￿ lqglylgxdov wr frqwulexwh lq rughu wr eh fduulhg rxw1 Hdfk lqglylgxdo ydoxdwhv
klv2khu xqlw ri wkh jrrg +klv2khu hqgrzphqw, gl￿huhqwo|/ wklv ydoxdwlrq lv sulydwh
lqirupdwlrq1 Wkh uhvw ri wkh jurxs phpehuv rqo| nqrz wkdw wkhvh ydoxdwlrqv reh| d
nqrzq suredelolw| glvwulexwlrq1
Wkh sulydwh ydoxh ri hdfk hqgrzphqw zloo eh ghqrwhg e| f￿1 Wklv ydoxh fdq eh
xqghuvwrrg dv hdfk lqglylgxdo*v frqwulexwlrq frvw ehfdxvh wkh kljkhu wkh ydoxdwlrq/
wkh kdughu lw lv iru wkh lqglylgxdo wr jlyh lw xs iru wkh frpprq surmhfw1 Lw lv dvvxphg
wkdw wkh frpprq ydoxh ri wkh sxeolf jrrg lv qrupdol}hg htxdo wr rqh/ dqg wkdw wkh
fxpxodwlyh suredelolw| glvwulexwlrq 8E￿￿/ xvhg iru hqgrzphqwv ydoxdwlrqv/ lv frqwlqx0
rxv dqg vwulfwo| lqfuhdvlqj rq dfcSo zlwk S:f1 Wkhq 8E f ￿’fdqg 8ES￿’￿ 1 Sd|r￿v
wr sod|hu ￿/ zlwk d frqwulexwlrq frvw S￿ ’ S duh jlyhq e|6=
41 4.f zkhq ￿ grhv qrw frqwulexwh dqg dw ohdvw z lqglylgxdov gr>
51 f zkhq ￿ grhv qrw frqwulexwh dqg d vpdoohu qxpehu wkdq z lqglylgxdov gr>
61 4 zkhq ￿ frqwulexwhv dqg h{dfwo| z04 ri wkh rwkhuv gr>
6Iru frqyhqlhqfh/ zh zloo vrph wlphv ohdyh rxw wkh vxevfulsw1
871 3 zkhq ￿ frqwulexwhv dqg d vwulfwo| vpdoohu qxpehu wkdq z04 ri wkh rwkhuv gr1
Lqglylgxdo udwlrqdolw| uhtxluhv S￿ ￿ ￿ iru hdfk lqglylgxdo ￿*v frqwulexwlrq1 Wkh
iroorzlqj pdwul{ uhsuhvhqwhv wkhvh sd|r￿v=
Vwdwhv ri wkh zruog Frqw1 ￿ z Frqw1 ’ z04 Frqw1￿ z04
Suredelolwlhv R￿ R2 ￿ ￿R￿ ￿R2
l frqwulexwhv +F, ￿ ￿ f
l grhvq*w frqwulexwh +QF, ￿nS S S
Lq wklv prgho/ frppxqlfdwlrq lv iruelgghq/ sod|huv fdqqrw frruglqdwh wkhlu vwudwh0
jlhv> pruhryhu/ vlqfh wkh dv|pphwulhv ehwzhhq sod|huv +wkhlu gl￿huhqw frvwv, duh sul0
ydwh lqirupdwlrq/ wkh| fdqqrw eh xvhg dv d frruglqdwlrq phfkdqlvp1 Ohw*v dvvxph
wkdw doo lqglylgxdov xvh wkh vdph uxoh zkhq pdnlqj wkhlu ghflvlrqv lqghshqghqwo| dqg
vlpxowdqhrxvo|1 Dv Sdoiuh| dqg Urvhqwkdo +4<;;, suryh/ zkdwhyhu eholhiv sod|hu ￿ pd|
kdyh derxw wkh ghflvlrqv ri rwkhu sod|huv/ wkhuh lv rqo| rqh vwudwhj| zklfk lv ehwwhu/ d
fxwsrlqw uxoh1 D v|pphwulf Ed|hvldq htxloleulxp lv fkdudfwhul}hg e| wkh fulwlfdo frvw
ohyho SW/ wkh fxwsrlqw/ vr wkdw frqwulexwlrq lv rswlpdo iru lqglylgxdo ￿ zkhq S￿ ￿S W
dqg qrq0rswlpdo zkhq S￿ :S W1
Zkhq ulvn qhxwudolw| lv dvvxphg/ lw fdq eh vkrzq wkdw dq lqglylgxdo lv lqgl￿huhqw
derxw zkhwkhu kh2vkh frqwulexwhv ru qrw zkhq klv2khu hqgrzphqw S lv htxdo wr wkh
suredelolw| R2 wkdw h{dfwo| ￿￿￿ rxw ri wkh ￿ ￿￿ lqglylgxdov zloo frqwulexwh/ l1h1 wkh
suredelolw| wkdw klv2khu frqwulexwlrq zloo pdnh wkh jurxs uhdfk wkh wkuhvkrog uhtxluhg
wr dfklhyh surgxfwlrq ri wkh jrrg1 Lq htxloleulxp/ wkh suredelolw| ri dq lqglylgxdo
frqwulexwlqj lv jlyhq e| ^W ’ 8ESW￿/ l1h1 wkh suredelolw| wkdw klv 2 khu frvw S lv orzhu
wkdq wkh fulwlfdo frvw SW1 Li wkh lqglylgxdo eholhyhv wkdw wkh rwkhuv duh dfwlqj zlwk
wklv suredelolw|/ wkhq/ suredelolw| R2 wkdw klv frqwulexwlrq zloo pdnh wkh jurxs uhdfk
wkh fulwlfdo ohyho ri surylvlrq zloo eh jlyhq e| wkh elqrpldo h{suhvvlrq wr rewdlq ￿￿￿
idyrxudeoh fdvhv rxw ri wkh ￿ ￿￿ srvvleoh rqhv1 Wkh vhw ri doo wkh htxloleulxps r l q w v














9Lq htxloleulxp hdfk lqglylgxdo wdnhv R2 dv jlyhq zkhq kh ru vkh pdnhv d ghflvlrq/
exw R2 lv ghwhuplqhg hqgrjhqrxvo| wr vdwlvi| htxdwlrq +4,1 Lq idfw/ lq rughu iru SW
wr eh dq htxloleulxp ydoxh/ lqglylgxdov zlwk sulydwh ydoxh SW kdyh wr eh lqgl￿huhqw
wr frqwulexwh ru qrw/ SW ’ R21 Rq wkh rwkhu kdqg/ lqglylgxdov zlwk d ydoxdwlrq ohvv
wkdq SW zloo qrw frqwulexwh/ zkloh lqglylgxdov zlwk d ydoxdwlrq juhdwhu wkdq wkdw ydoxh
zloo/ vr wkdw +4, krogv1 Iru lqvwdqfh7/ iru ￿ ’ ￿/ ￿ ’2 / S ’￿ ￿Dc dqg 8 wkh xqlirup
glvwulexwlrq lq dfc￿￿Do/ wkh htxloleulxp srlqw lv fdofxodwhg e| vroylqj wkh htxdwlrq +4,=
SW ’ 2E SW
￿￿D￿d￿￿ SW
￿￿Do1 D vroxwlrq lv SW ’ f￿￿.D1 Vlqfh S ’￿ ￿D wklv lpsolhv wkdw ^W ’ f￿2D￿
Wkh srvvlelolw| ri pxowlsoh vroxwlrqv iru htxdwlrq +4, lv d sureohp zkhq dvvhvvlqj
wkh h{shulphqw uhvxowv1 Lq wklv h{dpsoh qrwh wkdw wkhuh duh wzr vroxwlrqv SW ’ f￿￿.D
dqg SW ’f 1 Wklv sureohp fdq eh dyrlghg e| gh￿qlqj wkh h{shfwdwlyho| vwdeoh Ed|hvldq
htxloleulxp +HVH,1 Wkh lghd ri vwdelolw| ri dq htxloleulxp kdv wr gr zlwk wkh yhul￿fd0
wlrq ri wkh iroorzlqj frqyhujhqfh surfhvv1 Li hyhu|erg| vwduwhg zlwk ff dv wkh lqlwldo
fxwsrlqw/ wkhq sod|huv frxog revhuyh krz +diwhu fhuwdlq dprxqw ri uhshwlwlrqv, wkh
rwkhuv zrxog frqwulexwh zlwk d suredelolw| ri tf ’ I+ff,1 Wkxv/ wkh ehvw uhvsrqvh iru











Htxloleulxp SW lv h{shfwdwlyho| vwdeoh li wkhuh lv dq lqwhuydo ￿ESW￿ ￿ dfcSo lqfoxglqj
SW vxfk wkdw iru doo Sf 5 ￿ESW￿/ dSf ￿ CESf￿oESf ￿ SW￿ : f/ zkhuh Sf 9’ SW1 Htxloleulxp
SW lv joredoo| .7. li lw lv dq .7. lq wkh rshq lqwhuydo Efc S￿1 Li wkh sdudphwhuv ￿/
￿ dqg S duh surshuo| fkrvhq lq wkh h{shulphqwv/ rqo| rqh joredo dqg h{shfwdwlyho|
vwdeoh htxloleulxp fdq eh rewdlqhg1 Lq wkh h{dpsoh sursrvhg deryh/ rqo| fW@ 316:8
lv joredoo| vwdeoh1 Sdoiuh| dqg Urvhqwkdo +4<<4, fduu| rxw wkh h{shulphqwv zlwk wkh
dghfxdwh sdudphwhuv ￿c￿dqg S/ vr wkdw wkhuh lv mxvw rqh joredoo| vwdeoh htxloleulxp
rq zklfk wkh suhglfwlrqv ri wkh Ed|hvldq htxloleulxp prgho fdq eh yhul￿hg1 Wkh
suhglfwlrqv duh=
41 Jlyhq SW iru wkh sdudphwhuv ￿c￿ dqg S/ lqglylgxdo ￿ frqwulexwhv li dqg rqo| li
S￿ ￿S W￿
7Wklv h{dpsoh lv lq Sdoiuh| dqg Urvkhqwdo +4<<4,
:51 Wkh djjuhjdwh suredelolw| ri frqwulexwlrq lv jlyhq e| ^W ’ 8ESW￿
Wkh uhvxowv revhuyhg lq wkh h{shulphqwv gl￿hu frqvlghudeo| iurp wkh ￿uvw suhglf0
wlrq> pdq| ri wkh lqglylgxdov gr qrw ehkdyh dffruglqj wr wklv uxoh1 Phdqzkloh/ wkh
vhfrqg suhglfwlrq ￿wv wkh h{shulphqwdo uhvxowv ehwwhu/ dowkrxjk wkh revhuyhg ghyld0
wlrqv duh vwloo lpsruwdqw1 Lq rughu wr h{sodlq wkhvh ghyldwlrqv/ Sdoiuh| dqg Urvhqwkdo
frqmhfwxuh wkdw lqglylgxdov dfw dffruglqjo| wr eldvhg eholhiv dqg sursrvh wkh k|0
srwkhvlv wkdw lqglylgxdov ryhuhvwlpdwh wkh suredelolw| wkdw wkh rwkhuv zloo frqwulexwh
+K|srwkhvlv ￿K￿,1
Dq lqwhusuhwdwlrq ri wklv k|srwkhvlv lv wkdw hdfk lqglylgxdo wklqnv wkdw wkh uhvw zloo
dfw dffruglqjo| wr vrph ydoxh SWW :S Wc l1h1 wkhlu eholhi frqfhuqlqj wkh frqwulexwlrq
suredelolw| ri wkh uhvw ri wkh jurxs phpehuv lv kljkhu wkdq wkh suredelolw| ghwhuplqhg
e| wkh htxloleulxp srlqw1 Gxh wr wklv eholhi/ wkh| xvh d fxwsrlqw Sn 9’ SW zklfk
uhsuhvhqwv wkhlu uxoh ri rswlpdo fkrlfh1
Lq rughu wr vkrz krz wkh eholhi SWW :S W zloo d￿hfw wkh fxwsrlqw zklfk lv dfwxdoo|
xvhg/ wkh| fdofxodwh wkh ghulydwlyh _Sn
_^ iurp wkh htxloleulxp htxdwlrq +4,/ wkhq=
_Sn
_^




Ohw ^n ’ 8ESn￿ ghqrwh wkh dfwxdo suredelolw| ri frqwulexwlrq ri dq lqglylgxdo/
dqg qrwlfh wkh iroorzlqj uhvxowlqj suhglfwlrqv zkhq zh kdyh ^ ’ ^W lq htxdwlrq +5,1
41 Zkhq ￿ ’ ￿c^ n ￿^ W/ l1h1/ wkh uhdo suredelolw| ri frqwulexwlqj wr wkh sxeolf
jrrg zloo eh ohvv wkdq wkh rqh suhglfwhg e| wkh htxloleulxp srlqw1
51 Zkhq ￿ ’ ￿c dqg f ￿^ W ￿ ￿c^ n :^ Wc l1h1 wkh suredelolw| revhuyhg zloo eh
kljkhu wkdq wkh rqh suhglfwhg e| wkh htxloleulxp srlqw1
61 Zkhq ￿ ￿￿￿￿dqg f ￿^ Wc wkhq ^n :^ W li ^W ￿ ￿3￿
￿3￿c dqg ^n ￿^ W li
^W : ￿3￿
￿3￿1
Dv Sdoiuh| dqg Urvhqwkdo srlqw rxw/ wkhvh suhglfwlrqv/ zklfk vhhp wr pdwfk wkh
gdwd/ duh qrw suhvhqw lq dowhuqdwlyh prghov lq wkh olwhudwxuh1 Ulvn dyhuvlrq fdq qrw
uhsolfdwh wkh suhglfwlrq ri shrsoh pdnlqj frqwulexwlqj vrph wlphv pruh dqg vrph
;wlphv ohvv frqwulexwlrqv1 Hyhq Survshfw Wkhru|/ zklfk dvvxphv erwk ulvn dyhuvlrq dqg
ulvn orylqj lq gl￿huhqw udqjhv ri suhihuhqfhv pdnh gl￿huhqw lqfrqvlvwhqf| suhglfwlrqv1
Sulydwh lqirupdwlrq pdnhv wkh dsolfdwlrq ri suhglfwlrqv ri frrshudwlyh jdph wkhru|
lpsodxvleoh1 Ilqdoo|/ dowuxlvwlf ehkdylru/ dv suhvhqwhg lq h{lvwlqj prghov/ suhglfwv
ghyldwlrqv rqo| lq wkh vhqvh ri lqfuhdvlqj frqwulexwlrqv1
6 D SRVVLEOH LQWHUSUHWDWLRQ XVLQJ UH0
JUHW WKHRU\
Khuh zh suhvhqw d gl￿huhqw dssurdfk wr wkh sureohp dw kdqg xvlqj Uhjuhw Wkhru|1
Wklv lv d nlqg ri elqdu| wkhru|/ sursrvhg e| Orrphv dqg Vxgjhq +4<;5/ 4<;:, wr
h{sodlq wkh sdudgr{hv lq H{shfwhg Xwlolw| Wkhru|1 Zh wklqn wkdw wkh sureohp ri
frqwulexwlqj ru qrw wr wkh dfklhyhphqw ri d sxeolf jrrg/ doorzv iru wkh h{lvwhqfh
ri d fhuwdlq ghjuhh ri uhjuhw ru vdwlvidfwlrq/ ghshqglqj rq zkhwkhu wkh lqglylgxdo
frooderudwhv ru qrw1 Wklv wxuqv rxw wr eh lpsruwdqw lq rughu wr prgho ghflvlrq pdnlqj
lq wklv frqwh{w dqg Uhjuhw Wkhru| hqdeohv xv wr lqfoxgh wklv nlqg ri sv|fkrorjlfdo
ihholqjv1
Zklwklq wklv wkhru|/ dq djhqw/ zkr lv pdnlqj d fkrlfh/ grhv qrw dvvhvv orwwhulhv/
exw sdluv ri dowhuqdwlyh dfwlrqv1 Dq dfwlrq lv gh￿qhg/ vwduwlqj iurp d ￿qlwh dqg
h{kdxvwlyh vhw ri lqghshqghqw vwdwhv ri wkh zruog/ dv d yhfwru ￿￿ ’ E%￿￿c% ￿2c￿￿￿%￿?￿ zlwk
vwdwh0frqwlqjhqw uhvxowv1 Wkh uhvxow %￿￿ lv dvvrfldwhg wr dfwlrq ￿￿ li vwdwh r￿ rffxuv1
Hyhu| vwdwh ri wkh zruog kdv d suredelolw| R￿ zklfk lv dvvxphg wr eh vxemhfwlyho|
nqrzq1
Wkh fhqwudo lghd ri wkh wkhru| lv wr lqfrusrudwh/ sulru wr wkh ydoxdwlrq ri wkh
dowhuqdwlyh dfwlrqv/ wkh lqglylgxdo*v ixwxuh sv|fkrorjlfdo uhvsrqvh uhjduglqj wkh ￿qdo
uhvxow1 Wklv uhvsrqvh pd| eh d ihholqj ri uhjuhw ru vkdph ghulyhg iurp d plvwdnhq
dfwlrq ru/ rq wkh frqwudu|/ d ihholqj ri mr| wkdw frphv iurp kdylqj pdgh d fruuhfw
fkrlfh1 Wkh fkrlfh ehwzhhq wzr dfwlrqv ￿￿ dqg ￿& lv frqvlghuhg wr eh d frpsrxqg
h{shulhqfh/ lq zklfk wkh fkrlfh ri rqh ri wkhp phdqv wkh uhmhfwlrq ri wkh rwkhu
dqg vr/ dfklhylqj d fhuwdlq uhvxow/ lqyroyhv orvlqj dqrwkhu rqh1 Wklv pd| surgxfh d
<sv|fkrorjlfdo uhvsrqvh lq wkh ghflvlrq pdnhu zklfk kh zloo wu| wr wdnh lqwr dffrxqw
zkhq pdnlqj klv ghflvlrq1
Wdnh ￿￿￿ ’ ￿E%￿￿c% &￿￿ wr eh wkh vdwlvidfwlrq ohyho ghulyhg iurp fkrrvlqj ￿￿ dqg
uhmhfwlqj ￿& lq wkh vwdwh ri wkh zruog r￿/ ￿&￿ ’ ￿E%&￿c% ￿￿￿ lv wkh ihholqj fruuhvsrqglqj
wr wkh rssrvlwh fkrlfh1 Lw lv dvvxphg wkdw lqglylgxdov pdnh wkhlu fkrlfh lq vxfk d zd|
wkdw=
￿￿ ( ￿& ’
? [
￿’￿
R￿ E￿￿￿ ￿ ￿&￿￿ ￿ f
Ohw ￿E%￿￿c% &￿￿’￿￿￿ ￿ ￿&￿1 Lw lv dvvxphg wkdw ￿ lv dq lqfuhdvlqj dqg vnhzv|p0
phwulf ixqfwlrq/ zlwk ￿Ef ￿’fdqg wkdw ￿ vdwlv￿hv d frqyh{lw| frqglwlrq fdoohg
dyhuvlrq wr uhjuhw/ qdpho|= ;@￿K￿S ( ￿ESc@￿ :￿ EScK￿n￿EKc@￿￿
Zh qrz zdqw wr dsso| wklv wkhru| wr wkh sureohp ri wkh surylvlrq ri sxeolf elqdu|
jrrgv1 Dffruglqj wr krz wkh sureohp lv vwdwhg wkh lqglylgxdo kdv wr fkrrvh ehwzhhq
frqwulexwlqj ru qrw1 Wkh iroorzlqj pdwul{ fruuhvsrqgv wr wkh sd|r￿v iru lqglylgxdo
￿/ wkh vwdwhv ri wkh zruog ehlqj dvvrfldwhg zlwk wkh qxpehu ri frqwulexwruv gl￿huhqw
iurp lqglylgxdo ￿1
Vwdwhv ri wkh zruog Frqw1 ￿ z Frqw1 ’ z04 Frqw1 ￿ z04
Suredelolwlhv R￿ R2 ￿ ￿ R￿ ￿ R2
l frqwulexwhv +F, ￿ ￿ f
l grhv qrw frqwulexwhv +QF, ￿nS S S
Li zh dsso| wr wklv ghflvlrq sureohp wkh ydoxdwlrq uxoh ri Uhjuhw Wkhru| iru
lqglylgxdo ￿/ frqwulexwlqj ru qrw duh lqgl￿huhqw dfwlrqv li=
￿ ￿ ￿￿ ’ R￿￿E￿c￿nS￿nR2￿E￿cS￿nE ￿￿ R￿ ￿ R2￿￿EfcS￿’f +6,
Li zh dvvxph wkdw wkh ydoxdwlrq ixqfwlrq ￿ ghshqgv rqo| rq wkh gl￿huhqfh ri
uhvxowv/ wkhq ￿ ￿ ￿￿ ’ R￿￿E￿S￿nR2￿E￿ ￿ S￿nE ￿￿ R￿ ￿ R2￿￿E￿S￿’f 1 Li zh xvh
wkh vnhzv|pphwu| ri wkh ixqfwlrq/ wkhq
￿ ￿ ￿￿ ’ R2 ’
[ESW￿
[E￿ ￿ SW￿ n[ E SW￿
43zkhuh R2 lv wkh suredelolw| ri wkh zruog vwdwh r2/ l1h1/ wkh suredelolw| wkdw h{dfwo|
￿ ￿ ￿ lqglylgxdov frqwulexwh zlwk SW dv wkh fxwsrlqw jlylqj xv wkh htxloleulxp srlqw
iru ixqfwlrq ￿1 Iurp khuh rqzdugv zh pd| ￿qg wkh htxloleulxp ydoxh SW e| nqrzlqj
wkh ixqfwlrq ￿ dqg vroylqj wkh htxdwlrq
[ESW￿













Ohw xv vxssrvh qrz wkdw doo wkh lqglylgxdov duh htxdo dqg xvh wkh vdph ydoxdwlrq
ixqfwlrq ￿E%￿’%￿/ l1h1 wkh| doo kdyh wkh vdph uhjuhw ohyho81 Frqvlghu wkh vdph
sdudphwhuv lq wkh h{dpsoh ri Sdoiuh| ) Urvhqwkdo/ qdpho|/ ￿ ’ ￿c￿ ’2 cS ’￿ ￿D
dqg 8 ehlqj wkh xqlirup glvwulexwlrq lq dfc￿￿Do1 Wdnh wkh suhylrxvo| vshfl￿hg xwlolw|
ixqfwlrq1 Wkhq htxdwlrq +7, ehfrphv=
ES￿￿
E￿3S￿￿nES￿￿ ’ 2S
￿￿D ￿ 2E S
￿￿D￿2 zlwk wkh vroxwlrq
SW ’ f￿e..c wkhq ^W ’f ￿￿￿HSc dv lq Sdoiuh| dqg Urvhqwkdo*v prgho wkh htxdwlrq +7,
kdv djdlq dqrwkhu vroxwlrq= SW ’ fc zklfk vwloo idlov wr eh joredoo| vwdeoh1
Zkhqhyhu zh frqvlghu d ydoxdwlrq ixqfwlrq ￿ ehlqj lqfuhdvlqj/ vnhzv|pphwulf
dqg ghshqghqw ri wkh gl￿huhqfhv/ zh rewdlq wkh iroorzlqj uhvxowv=
+U4, Wkh lqglylgxdo ￿ frqwulexwhv zkhq dqg rqo| zkhq klv frvw S￿ lv




[E￿3S￿n[ES￿ zh rqo| qhhg wr suryh wkdw wklv ixqfwlrq AES￿ lqfuhdvhv
lq f +vhh dsshqgl{,1 Vlqfh R2 ’
[ESW￿
[E￿3SW￿n[ESW￿ li S :S Wc zh zloo kdyh AES￿ :AESW￿’R2
dqg/ wkhuhiruh/ wkh lqglylgxdo zloo suhihu qrw wr frqwulexwh1 Iru S ￿S W zh zloo kdyh
wkh rssrvlwh vlwxdwlrq dqg wkh lqglylgxdo zloo suhihu wr frqwulexwh1
Dv d uhvxow ri wklv/ wkh ydoxh SW zloo eh iru wklv wkhru| d jrrg hvwlpdwru ri wkh
djjuhjdwh suredelolw| ri frqwulexwlrq1 Wkxv/ zh kdyh wkh vhfrqg uhvxow=
+U5, Wkh djjuhjdwh suredelolw| ri frqwulexwlqj zloo eh jlyhq e| t- @
I+fW,
8Wkh ixqfwlrq #+{,@{6 prghov lq vwdqgdul}hg zd| uhjuhw2uhmrlflqj1 Rwkhu ixqfwlrqv kdylqj wkh
vdph fkdudfwhulvwlfv fdq eh xvhg> dv zh kdyh wulhg/ zlwk #+{,@{8># +{,@{:dqg #+{,@{<> wkh
uhvxowv duh yhu| vlplodu1 Zh zloo ohdyh iru ixuwkhu uhvhdufk wkh hvwlpdwlrq ri ixqfwlrq #+{, e| phdqv
ri h{shulphqwdo whvwv1
44Erwk ri wkhvh uhvxowv doorz xv wr dvvhvv wkh h{shulphqwdo uhvxowv/ dqg vhh li wkh|
duh vdwlv￿hg ru qrw1 Rq dq lqglylgxdo ohyho zh zdqw wr vhh zkhwkhu ru qrw lqglylgxdov
zlwk d frvw S ￿S W frooderudwh dqg/ li vr/ krz pdq| ri wkhp1 Rq dq djjuhjdwh
ohyho zh zdqw wr ghwhuplqh wkh sursruwlrq ri lqglylgxdov zkr kdyh frqwulexwhg/ dqg
zkhwkhu ^W lv ru qrw d jrrg hvwlpdwlrq1 Zh fdq dovr frqvlghu zkhwkhu ru qrw lw lv
srvvleoh wr dgg ￿K|srwkhvlv K￿ wr wklv wkhruhwlfdo prgho1 Zh pd| dvn= Zloo wkh
dvvxpswlrq ri eldvhg eholhiv suhglfw vlplodu ghyldwlrqv wr wkrvh surgxfhg xvlqj wkh
Ed|hvldq htxloleulxpB Lw wxuqv rxw wkdw wkh dqvzhu lv d!updwlyh/ dqg wkh k|srwkhvlv
ri wkh eldvhg frqwulexwlrq suredelolw| zloo surgxfh d sdudooho suhglfwlrq wr wkdw ri
htxdwlrq +5,1 Li zh fdofxodwh
_Sn
_^ lq htxdwlrq +7,/ iru dq| ixqfwlrq ￿ +vhh dsshqgl{,/
zh kdyh=
_Sn
_^ U f li ^ T
￿3￿
￿3￿
Uhfdoolqj wkdw fn lv wkh fxwsrlqw ru wkuhvkrog xvhg e| lqglylgxdov lq wkhlu ghflvlrq
zkhq wkh| dfw zlwk wkhlu eldvhg eholhiv/ zh fdq frqfoxgh wkdw
+U6d, Iru ￿ ’ ￿c ^n ￿^ W/ wkhuh zloo eh d vpdoohu ohyho ri frqwulexwlrq
wkdq suhglfwhg e| wkh wkhru| +Uhjuhw Wkhru|,1
+U6e, Li ￿ ’ ￿ dqg f ￿^ W ￿ ￿c^ n :^ W/ wkhuh zloo eh d juhdwhu ohyho
ri frqwulexwlrq wkdq suhglfwhg e| wkh wkhru|1
+U6f, Li ￿ ￿ ￿ ￿ ￿c f ￿ ^W/ wkhq/ ^n: ^Wli ^W￿
￿3￿
￿3￿ dqg ^n￿ ^Wli ^W:
￿3￿
￿3￿/
wkh ghyldwlrq zloo ghshqg rq wkh sdudphwhu S1
7 UHVXOW RI WKH H[SHULPHQWV= FRPSDU0
DWLYH VWXG\
Zh xqghuwdnh qrz d frpsdudwlyh vwxg| ri wkh h{shulphqwdo uhvxowv rewdlqhg e| Sdo0
iuh| dqg Urvhqwkdo1 D wrwdo ri 66 h{shulphqwv zhuh fduulhg rxw zlwk gl￿huhqw sdudp0
hwhuv dqg lq gl￿huhqw fhqwuhv gxulqj 4<;7/ 4<;: dqg 4<;;91 Wkh dprxqw ri gdwd lv
9Zh dfnqrzohgjh wkh frqwulexwlrq ri Surihvvru Sdoiuh| dqg Surihvvru Urvhqwkdo1 Wkh| r￿huhg xv
wkh xvh ri wkh gdwd zklfk zdv rewdlqhg lq wkh h{shulphqwv wr eh dqdo|vhg1
45vx!flhqw iru vwdwlvwlfdo frqfoxvlrqv1 Wkh h{shulphqwv zhuh glylghg lqwr wkuhh w|shv
ghshqglqj rq wkh sdudphwhuv zklfk zhuh hvwdeolvkhg/ vr wkdw erwk wkh suhglfwlrqv ri
wkh Ed|hvldq wkhru| dqg wkh suhglfwlrqv ri wkh vdph wkhru| wrjhwkhu zlwk k|srwk0
hvlv K frxog eh dvvhvvhg1 Zh zloo fdoo w|sh 4 h{shulphqwv wkrvh fduulhg rxw zlwk
sdudphwhuv ￿ ’ ￿ dqg ￿ ’￿ 1 Lq wklv fdvh lw lv h{shfwhg/ dv zh kdyh vhhq/ wkdw wkh
frqwulexwlrq zloo eh orzhu wkdq wkh rqh suhglfwhg e| wkh wkhru|1 W|sh 5 h{shulphqwv
zloo eh wkrvh fduulhg rxw zlwk sdudphwhuv ￿ @ 6 dqg ￿ @ 6/ vr wkdw lw lv uhtxluhg
wkdw hyhu|erg| frqwulexwhv lq rughu wr surylgh wkh sxeolf surmhfw1 Lw lv h{shfwhg
wkdw wkh frqwulexwlrq zloo eh deryh wkh rqh suhglfwhg e| wkh wkhru|1 Ilqdoo|/ w|sh 6
h{shulphqwv duh wkrvh fduulhg rxw ru zlwk ￿ @ 5 dqg ￿ @6r u￿ ’2dqg ￿ ’e 1
Wkh suhglfwlrq lq wkh odwwhu w|sh ri h{shulphqwv jrhv lq rqh gluhfwlrq ru wkh rwkhu/
ghshqglqj rq wkh ydoxh ri S1
Zlwklq hdfk w|sh ri h{shulphqwv/ fkdqjhv ri sdudphwhu S zhuh fduulhg rxw1 Dv
vwdwhg deryh/ d wrwdo ri 66 h{shulphqwv zhuh shuiruphg/ dqg 45 lqglylgxdov wrrn sduw
lq hdfk rqh +h{fhsw lq h{shulphqwv ri w|sh 6/ zkhuh wkh qxpehu ri sduwlflsdqwv zdv
<,1 Hdfk h{shulphqw odvwhg/ lq jhqhudo/ iru 53 shulrgv1 Lq hdfk shulrg wkh sduwlflsdqwv
zhuh dvvljqhg dw udqgrp wr gl￿huhqw jurxsv dqg zlwkrxw wkhlu nqrzohgjh ri zklfk
jurxs wkh| zhuh dvvljqhg wr:1
:Vhh Sdoiuh| ) Urvhqwkdo +4<<4, iru pruh ghwdlov derxw wkh h{shulphqw1
46W|sh 4 h{shulphqwv
￿ ’ ￿￿ ’ ￿
Dfwxdo Ed|hvldq Uhjuhw E1 jurxs U1 jurxs
S frqwulexwlrq frqw1 frqw1 frqw1 frqw1
2￿2D 3154: 314<5 314:< 31583 31567
31546 314<5 314:< ￿ ￿
￿￿Df 31644 31639 3163; 31646 31657
31554Kco 315:4 315:< ￿ ￿
31596 315:4 315:< ￿ ￿
31666K 315:4 315:< ￿ ￿
315<5 3159< 315:; ￿ ￿
f￿.Df 316:<o 316<5 31837 31764 3185<
31737o 316<5 3183; ￿ ￿
Wkh gdwd lq wkh vhfrqg dqg wklug froxpqv/ fdoohg Ed|hvldq dqg Uhjuhw Wkhru|
frqwulexwlrq uhvshfwlyho|/ duh wkh wkhruhwlfdo frqwulexwlrq iuhtxhqflhv iru wkh Ed|hvldq
htxloleulxp zlwk ulvn qhxwudolw| dqg iru wkh Uhjuhw Wkhru| zlwk ￿E%￿’%￿1 Iuhtxhq0
flhv duh fdofxodwhg e| xvlqj wkh ydoxdwlrqv zklfk zhuh wdnhq lq hdfk h{shulphqw dqg
vr/ li dq lqglylgxdo kdg d frvw ehorz wkh htxloleulxp srlqw/ wkh wkhru| suhglfwv frqwul0
exwlrq1 Wkh odvw wzr froxpqv duh wkh djjuhjdwh frqwulexwlrq suredelolwlhv iru hlwkhu
wkhrulhv1 Khuh/ zh fdofxodwh wkh htxloleulxp srlqw SW dqg/ e| phdqv ri wklv srlqw/ wkh
joredo frqwulexwlrq iuhtxhqf|/ vlqfh wkh glvwulexwlrq suredelolw| lv xqlirup lq dfcSo1
Wkh slhfh ri lqirupdwlrq lq wkh fruuhvsrqglqj er{ lv ^W ’ 8ESW￿’
SW
S 1 Lw lv fohdu wkdw
wklv qxpehu lv frqvwdqw iru doo wkh h{shulphqwv zlwk wkh vdph sdudphwhuv1 D vxshu0
vfulsw EK￿ vkrzv d ghyldwlrq ri wkh wkhruhwlfdo iuhtxhqf| +lq wklv fdvh wkh Ed|hvldq
rqh,/ zklfk lv vljql￿fdqw lq d ohyho ri 8( rq wkh edvlv ri d }0whvw/ xvlqj qrupdo ds0
sur{lpdwlrq wr wkh elqrpldo1 Wkh vxshuvfulsw Eo￿ fruuhvsrqgv wr wkh vdph frqfhsw lq
Uhjuhw Wkhru|1
Li zh lqfoxgh qrz wkh K|srwkhvlv K lq wklv w|sh ri h{shulphqwv/ lw lv h{shfwhg wkdw
47wkh lqglylgxdov frqwulexwlrq lv orzhu wkdq wkdw suhglfwhg e| wkh wkhru|1 Lw lv zruwk
wr qrwlfh wkdw lq h{shulphqwv zlwk vljql￿fdqw ghyldwlrqv iurp Uhjuhw Wkhru|/ doo ri
wkrvh ghyldwlrqv duh orzhu wkdq wkdw suhglfwhg e| wkh wkhru| dffruglqj wr K|srwkhvlv
K1 Uhjduglqj Ed|hvldq Wkhru|/ lq rqh ri wkh h{shulphqwv wkh ghyldwlrq jrhv lq wkh
rssrvlwh gluhfwlrq wr wkdw suhglfwhg e| k|srwkhvlv K1 Li zh orrn dw wkh odvw wzr
froxpqv zklfk surylgh wkh djjuhjdwh frqwulexwlrq suredelolwlhv iru erwk wkhrulhv/ doo
wkh uhvxowv vdwlvi| K|srwkhvlv K +wkh suredelolwlhv revhuyhg duh dozd|v orzhu wkdq wkh
wkhruhwlfdo rqhv,1
W|sh 5 h{shulphqwv
￿ ’ ￿￿ ’ ￿
Dfwxdo Ed|hvldq Uhjuhw E1 jurxs U1 jurxs
S Frqwulexwlrq frqw1 frqw1 frqw1 frqw1
2￿2D 313<9o 3 31395 3 3138;
3145<o 3 31395 3 ￿
￿￿Df 31644o 3 3148; 3 31478
314<9o 3 31466 ￿ ￿
31583o 3 31466 ￿ ￿
f￿bbD 31773 3 31753 3 3166:
f￿.Df 31858 3 31895 3 31939
318<9 3 31933 ￿ ￿
Lq wkhvh h{shulphqwv lw lv qrwhzruwk| wkdw wkh rqo| Ed|hvldq htxloleulxp lv SW ’ f
dqg/ wkhuhiruh/ wklv wkhru| suhglfwv d wkhruhwlfdo suredelolw| ri }hur frqwulexwlrq1
Hylghqwo| wkh ghyldwlrq frpsduhg wr wkh gdwd revhuyhg lv dozd|v vljql￿fdqw iru dq|
vwdwlvwlfdo whvw1 Dowkrxjk lw lv wuxh wkdw wkh gdwd lv dozd|v frqvlvwhqw zlwk K|srwkhvlv
K/ wkh k|srwkhvlv dozd|v lpsolhv iru wkhvh sdudphwhuv wkdw wkh sduwlflsdwlrq zloo eh
deryh wkh wkhruhwlfdo rqh1 Ed|hvldq Wkhru| grhv qrw surylgh dq| lqirupdwlrq1
Uhjuhw Wkhru| r￿huv pxfk pruh lqirupdwlrq lq wkhvh h{shulphqwv1 Ixuwkhupruh/
48iru wkrvh fdvhv zkhuh wkh ghyldwlrqv duh vljql￿fdqw/ dw d 8( ohyho/ li zh dgg K|srwk0
hvlv K/ wkh frqwulexwlrq iuhtxhqflhv revhuyhg duh dozd|v kljkhu wkdq wkdw suhglfwhg
+froxpq 6,/ lq nhhslqj zlwk K1
W|sh 6 h{shulphqwv
￿ ’ 2￿ ’ ￿
Dfwxdo Ed|hvldq Uhjuhw E1 jurxs U1 jurxs
S frqwulexwlrq frqw1 frqw1 frqw1 frqw1
2￿2D 314<5K 3 314<9 3 314<6
3148<Kco 3 314<9 3 ￿
￿￿Df 316<7K 31555 31694 31583 3164<
31683K 3156< 315;< ￿ ￿
316;6Kco 31577 315:: ￿ ￿
3163;K 3156; 315;< ￿ ￿
3163;K 3156; 315:8 ￿ ￿
31696Kco 3156; 315;: ￿ ￿
316:<Kco 3156; 315;6 ￿ ￿
f￿.Df 31854Kco 318<9 31954 31957 3197:
3188;o 318<9 31954 ￿ ￿
f￿SS. 318;3Kco 319:7 31:33 3199: 31:39
Lq wkhvh h{shulphqwv/ h{fhsw iru rqh/ Ed|hvldq Wkhru| surylghv suhglfwlrqv zklfk
duh dozd|v ghyldwhg dw d vljql￿fdqw ohyho ri 8(1 Lq wklv fdvh wkh ghyldwlrq deryh
ru ehorz wkh wkhruhwlfdo suhglfwlrq ghshqgv rq wkh sdudphwhuv xvhg/ li zh dvvxph
K|srwkhvlv K1 Iru S ’ 2￿2D / S ’￿ ￿Dfc vlqfh ^W lv ohvv wkdq
￿3￿
￿3￿ ’ f￿D +irxuwk
dqg ￿iwk froxpqv,/ wkh frqwulexwlrq iuhtxhqf| revhuyhg kdv wr eh kljkhu wkdq wkdw
suhglfwhg e| wkh wkhrulhv1 Rq wkh frqwudu|/ iru S ’f ￿.Dfc S ’f ￿SS.c vlqfh tW : f￿D/
wkh ghyldwlrq zloo jr lq wkh rssrvlwh gluhfwlrq1
Iru Uhjuhw Wkhru| li zh orrn dw wkh h{shulphqwv zkhuh wkh ghyldwlrq lv vljql￿fdqw/
49lw rqo| jrhv lq wkh rssrvlwh gluhfwlrq wr wkdw suhglfwhg e| K iru wkh fdvh zkhuh
S ’ 2￿2D￿ Ohw xv/ ￿qdoo|/ dqdo|vh wkh gdwd iurp wkh h{shulphqwv zlwk ￿ ’2dqg Q
’e ￿
￿ ’ 2￿ ’ e
Dfwxdo Ed|hvldq Uhjuhw E1 jurxs U1 jurxs
S frqwulexwlrq frqw1 frqw1 frqw1 frqw1
2￿2D 3163<Kco 31465 31539 31467 31538
31554Kco 31437 3149: ￿ ￿
31533K 31437 3149: ￿ ￿
f￿SS. 31883o 31856 3195: 3185< 31957




￿1 Wkxv/ vlqfh tW ￿
￿
￿/
K|srwkhvlv K lpsolhv wkdw wkh frqwulexwlrq suredelolw| zloo lqfuhdvh zlwk uhvshfw wr
wkh wkhruhwlfdo suhglfwlrq/ zkhuhdv iru wkh fdvh S ’ f￿SS./v l q f ht W : ￿
￿c wkhq wkh
iuhtxhqf| revhuyhg zloo eh orzhu1 Zh fdq vd| iru wklv fdvh wkdw erwk wkhrulhv shuirup
vlploduo|/ vlqfhwkh hvwlpdwlrq lv d jrrg ￿w iru wkh gdwd ri wkuhh h{shulphqwv/ zkloh lq
wkh wkuhh rwkhuv wkh suhglfwlrq ghyldwhv iurp wkh wkhruhwlfdo uhvxowv1 Iru erwk wkhrulhv/
li K|srwkhvlv K lv dgghg/ zh fdq jxdudqwhh wkdw wkh ghyldwlrqv duh surgxfhg lq wkh
suhglfwhg gluhfwlrq1
Lw lv zruwk wr qrwlfh wkdw lq doo wkh h{shulphqwv shuiruphg/ h{fhsw iru wkrvh ri
w|sh 4 fruuhvsrqglqj wr wkh sdudphwhuv ￿ ’ ￿c￿’￿ c S ’2 ￿2Dc wkh fxwsrlqw jlyhq e|
Uhjuhw Wkhru| lv odujhu wkdq wkh rqh jlyhq e| Ed|hvldq Wkhru|1 Fohduo|/ e| fkrrvlqj
frqyhqlhqwo| wkh sdudphwhuv zh fdq jxdudqwhh wklv uhvxow1 Wklv idfw |lhogv vrph suh0
glfwlrqv zklfk ￿w wkh h{shulphqwdo gdwd ehwwhu wkdq Ed|hvldq Wkhru|1 Qhyhuwkhohvv/
wkh h￿hfw lv d eljjhu frqwulexwlrq lq doo fdvhv1 Xqiruwxqdwho|/ wkh gdwd lqglfdwh wkdw
frqwulexwlrqv duh vrph wlphv ryhu dqg vrph wlphv deryh wkh rqhv suhglfwhg e| Uhjuhw
Wkhru|1 Wklv pdnhv K|srwkhvlv K qhfhvvdu| wr h{sodlq wkh gluhfwlrq ri ghyldwlrqv1
Zh frxog vd| wkdw wkh srvvleoh uhjuhw jhqhudwhg e| qrw frqwulexwlqj/ wrjhwkhu zlwk
wkh ryhuhvwlpdwlrq ri wkh suredelolw| ri wkh uhvw ri wkh shrsoh frqwulexwlqj/ jlyhv d
jrrg h{sodqdwlrq ri wkh h{shulphqwdo gdwd1
4:8 FRQFOXVLRQV
Zh kdyh dqdo|vhg wkh gdwd ri d frqvlghudeoh qxpehu ri h{shulphqwv wkdw vlpxodwh
wkh sureohp ri wkh surylvlrq ri elqdu| sxeolf jrrgv/ dqg kdyh xvhg dq dowhuqdwlyh
wkhru| wr lqwhusuhw wkh uhvxowv/ Uhjuhw Wkhru|1 Wkh dgydqwdjhv ri xvlqj wklv wkhru|
duh wzrirog1 Rq wkh rqh kdqg/ wkh fruuhvsrqglqj dqdo|vlv dyrlgv xvlqj wkh H{shfwhg
Xwlolw| K|skrwkhvlv/ dq xqghuo|lqj dvvxpswlrq ri Ed|hvldq Wkhru|1 Dowkrxjk wkh
xvh ri Uhjuhw Wkhru| lv whfkqlfdoo| pruh frpsolfdwhg wkdq Ed|hvldq Wkhru|/ zh kdyh
vkrzq wkdw lw surylghv xv zlwk d ydolg dowhuqdwlyh1 Rq wkh rwkhu kdqg/ Uhjuhw Wkh0
ru| hqdeohv xv wr wdnh lqwr dffrxqw gl￿huhqw sv|fkrorjlfdo ihdwxuhv rwkhu wkdq ulvn
dyhuvlrq/ frqvlghudwlrqv zklfk duh fhuwdlqo| lpsruwdqw zkhq wdfnolqj wklv sureohp1
K|srwkhvlv K/ zklfk lv lqwurgxfhg wr h{sodlq wkh gluhfwlrq ri wkh ghyldwlrqv/ grhv
vr vxusulvlqjo| zhoo1 Iru Ed|hvldq Wkhru|/ wkh ghyldwlrqv revhuyhg zlwk uhvshfw wr
wkrvh suhglfwhg e| wkh wkhru| jr lq wkh gluhfwlrq lpsolhg e| K|srwkhvlv K lq doo ri wkh
h{shulphqwv h{fhsw vl{ ri wkhp1 Zh ￿qg mxvw rqh h{shulphqw zkhuh wkh ghyldwlrq ri
wkh uhvxowv ri wkh suhglfwlrqv ri Uhjuhw Wkhru|/ rq d vwdwlvwlfdoo| vljql￿fdqw ohyho/ jrhv
lq wkh rssrvlwh gluhfwlrq wr wkdw suhglfwhg e| K|srwkhvlv K1 Iru Ed|hvldq Wkhru|/
lw kdv wr eh wdnhq lqwr dffrxqw wkdw/ lq wkh fdvhv ri xqdqlplw|/ dq| frqwulexwlrq
shufhqwdjh lv frqvlvwhqw zlwk K|skrwkhvlv K1 Wklv lv qrw wkh fdvh iru Uhjuhw Wkhru|/
zklfk dovr surylghv lq wklv sduwlfxodu fdvh wkh sduwlflsdwlrq shufhqwdjhv dv lq wkh
rwkhu h{shulphqwv1
Vrph lpsruwdqw dvshfwv duh ohiw iru d vxevhtxhqw vwxg|1 Lw zrxog eh xvhixo wr
hydoxdwh K|srwkhvlv K1 Zh fdq dvn/ iru h{dpsoh= Lv lw srvvleoh wr hvwlpdwh krz pdq|
lqglylgxdov ryhuhvwlpdwh wkh rwkhuv phpehu*v frqwulexwlrq suredelolw|B Fdq wklv eh
uhodwhg wr wkh qxpehu ri dowuxlvwlf lqglylgxdovB Dovr/ gxh wr wkh idfw wkdw lq rughu wr
dsso| Uhjuhw Wkhru| wr wklv sureohp zh kdyh dvvxphg wkdw doo lqglylgxdov h{suhvv
wkh vdph dprxqw ri uhjuhw2uhmrlfh wkurxjk rqo| rqh ydoxdwlrq ixqfwlrq/ lw zrxog eh
lpsruwdqw wr hvwlpdwh e| phdqv ri dq h{shulphqw wkh ydoxdwlrq ixqfwlrq uh hfwlqj
wkh ohyho ri frpprq uhjuhw dvvxphg lq wklv dqdo|vlv1
Wkh sureohp ri wkh surylvlrq ri sxeolf jrrgv vwloo odfnv d ￿qdo vroxwlrq1 Dowkrxjk
phfkdqlvpv kdyh ehhq irxqg zklfk hdvh wkh sureohp/ lw uhpdlqv wr ￿qg wkh vroxwlrq1
4;Zh frqvlghu wklv vwxg| wr suhvhqw d gl￿huhqw dqg qhz dssurdfk wr wklv duhd ri vwxg|1
Dowkrxjk wkhuh lv vwloo d orqj zd| wr jr/ zh wklqn wkdw wklv qhz dssurdfk fdq/ dw
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Gdylv/ G1 ) F1 Krow +4<<6,/ H{shulphqwdo Hfrqrplfv/ Sulqfhwrq= Sulqfhwrq Xqlyhu0
vlw| Suhvv1
Juryhv/ W1 ) M1 Ohg|dug +4<::,/ ￿Rswlpdo Doorfdwlrq ri sxeolfv Jrrgv= D Vroxwlrq
wr wkh Iuhh Ulghu Sureohp￿/ Hfrqrphwulfd/ 78/ :;60;3<1
Lvddf/ P1/ M1 Zdonhu ) V1 Wkrpdv +4<;7,/ ￿Glyhujhqw Hylghqfh rq Iuhh Ulglqj=
Dq H{shulphqwdo H{dplqdwlrq ri Srvvleoh H{sodqdwlrqv￿/ Sxeolf Jrrgv/ 76/ 446047<1
Ndkqhpdq/ G1 ) D1 Wyhuvn| +4<:<,/ ￿Survshfw Wkhru|1 Dq Dqdo|vlv ri Ghflvlrq
Xqghu Ulvn￿/ Hfrqrphwulfd/ 7:/ 596059<1
Nlp/ r1 ) P1 Zdonhu +4<;7,/ ￿Wkh Iuhh Ulghu Sureohp= H{shulphqwdo Hylghqfh/￿
Sxeolf Fkrlfh/ 76/ 60571
Ohg|dug/ R1 +4<<8,/ ￿Sxeolf Jrrgv= D Vxuyh| ri H{shulphqwdo Uhvhdufk￿/ hq Wkh
Kdqgerrn ri H{shulphqwd Hfrqrplfv/ M1 Kdjho ) D1 Urwk hglwruv/ 44404<71
Orrphv/ J1 ) U1 Vxgjhq +4<;5,/ ￿Uhjuhw Wkhru|= Dq Dowhuqdwlyh Wkhru| ri
Udwlrqdo Fkrlfh xqghu Xqfhuwdlqw|￿/ Wkh Hfrqrplf Mrxuqdo/ <5/ ;380;571
Orrphv/ J1 ) U1 Vxgjhq +4<;:,/ ￿Vrph Lpsolfdwlrqv ri d pruh Jhqhudo Irup ri
Uhjuhw Wkhru|/ Mrxuqdo ri Hfrqrplf Wkhru|/ 74/ 5:30 5;:1
Pduzhoo/ J1 ) U1 Dphv +4<:<,/ ￿H{shulphqwv rq wkh Surylvlrq ri Sxeolfv Jrrgv
L= Uhvrxufhv/ Lqwhuhvw/ Jurxs Vl}h/ dqg wkh Iuhh Ulghu Sureohp/￿ Dphulfdq Mrxuqdo
ri Vrflrorj|/ ;7/ 46680 46931
Pduzhoo/ J1 ) U1 Dphv +4<;3,/ ￿H{shulphqwv rq wkh Surylvlrq ri Sxeolfv Jrrgv
LL= Uhvrxufhv/ Lqwhuhvw/ Jurxs Vl}h/ dqg wkh Iuhh Ulghu Sureohp/￿ Dphulfdq Mrxuqdo
ri Vrflrorj|/ ;8/ <590<6:1
Pduzhoo/ J1 ) U1 Dphv +4<;4,/ ￿Hfrqrplvwv Iuhh ulghu/ Grhv Dq|rqh HovhB/ Mrxu0
qdo ri Sxeolf Hfrqrplfv/ 48/ 5<806431
Sdoiuh|/ W1 ) K1 Urvhqwkdo +4<;7,/ ￿Sduwlflsdwlrq dqg wkh Surylvlrq ri Glvfuhwh
Sxeolf Jrrgv= D Vwudwhjlf Dqdo|vlv￿/ Mrxuqdo ri Sxeolf Hfrqrplhv/ 57/ 4:404<61
Sdoiuh|/ W1 ) K1 Urvhqwkdo +4<;;,/ ￿Sulydwh Lqfhqwlyhv dqg Vrfldo Glohppdv= Wkh
Hihfwv ri Lqfrpsohwh Lqirupdwlrq dqg Dowuxlvp/￿ Mrxuqdo ri Sxsolfv Hfrqrplfv/ 5;/
63<06651
54Sdoiuh|/ W1 ) K1 Urvhqwkdo +4<<4,/ ￿Whvwlqj jdph wkhruhwlf prghov ri Iuhh0Ulglqj=
Qhz Hylghqfh rq suredelolw| eldv dqg ohduqlqj1 Lq Oderudwru| Uhvhdufk dqg Srolwlfdo
Hfrqrp|/ W1 Sdoiuh| hglwru/ Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv1
Udsrsruw/ D1 +4<;8,/ ￿Sxeolfv Jrrgv dqg wkh PFV h{shulphqwdo sdudgljp1 Dphu0
lfd Srolwlfdo Vflhqfh Uhylhz/ :</ 47;04881
Udsrsruw/ D1 ) Vxohlpdq/ U1 +4<<6,/ ￿Lqfuhphqwdo Frqwulexwlrq lq Vwhs0Ohyho
Jrrgv Jdphv zlwk Dv|phwulf Sod|huv1
Vluyhqw/ U1 ) M1 Wrp￿v +4<<5,/ ￿Xqd yhuvl￿q gh Uhjuhw Wkhru|1 Dsolfdfl￿q d od
Ghpdqgd gh vhjxur￿/ Lqyhvwljdflrqhv Hfrq￿plfdv +Vhjxqgd ￿srfd,/ 49/ 760:51
Vxohlpdq/ U1 ) Udsrsruw +4<<5,/ ￿Surylvlrq ri Vwhs0ohyho sxeolfv jrrgv zlwk
Frqwlqrxv Frqwulexwlrq￿/ Mrxuqdo ri Ehkdylrudo Pdnlqj/ 8/ 46604861
55